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sented as follows: 


Number Page 


219 Investigation of the Dead Load Stresses in the 
Mississippi River Veterans Memorial Bridge at 
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Perri, Joseph G..... 

Hadley, RichardH. .... ‘ 
Grinter, L. E. and Tsao, C. H. (Closure). . 
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by W. H. Munse, D. T. Wright, and N. M. Newmark. (May, 
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Non-Uniform Torsion of Plate Girders, by Gerald G. Kubo, 
B. G. Johnston, and W. J. Eney. (June, 1954. Prior dis- 
cussion: None. Discussion closed) 


Matteson, DeForest A., Jr......... 


Safety and the Probability of Structural Failure, by A. M. 
Freudenthal. (August, 1954. Prior discussion: None. 
Discussion closed) 


Reprints from this publication may be made on condition that the full title of 


paper, name of author, page reference (or paper number), and date of publi- 
cation by the Society are given. 


The Society is not responsible for any statement made or opinion expressed 
in its publications. 


This paper was published at 1745 S. State Street, Ann Arbor, Mich., by the 
American Society of Civil Engineers. Editorial and General Offices are at 33 
West Thirty-ninth Street, New York 18, N. Y. 


| 
13 
— 15 
- 17 
| 


Discussion of 
"INVESTIGATION OF THE DEAD LOAD STRESSES IN THE MISSISSIPPI 
RIVER VETERANS MEMORIAL BRIDGE AT EAST ST. LOUIS, ILLINOIS" 


by L. T. Wyly, M. B. Lagaard, Members, ASCE, R. W. Kluge, 
K. H. Lenzen, E. W. Larson, Jr., and L. B. McCammon, 
Assoc. Members, ASCE 
(Proc. Sep. 219) 


L. T. WYLY,’ M. B. LAGAARD,? R. W. KLUGE,° K. H. LENZEN,* E. W. 
LARSON, JR.,5 AND L. B. MCCAMMON‘S— The authors are much interested in 
Professor Fuller's able discussion of the paper and are pleased at the care 
he has evidently used in studying it. His comments are concerned mostly 
with the fact that the measured dead load stresses were about 1000 psi lower 
than the computed dead load stresses. He discusses: 


1. The effect of secondary stresses in the plane of the main trusses in 
reducing the axial stresses in these truss members. 

2. The question of creep or flow of steel at stresses well below the 
elastic limit as a function of time. 


The effect of secondary bending stresses in the plane of the main trusses 
in reducing the axial stresses in the truss members is usually negligible. 
For example Johnson, Bryan and Turneaure show computations giving figures 
of 0.3% for a bottom chord and 0.5% for a top chord in a span of 160 ft.” 
This reduction of axial stresses may be expected to vary about as the depth 
length ratios of the members. Since this ratio is about the same for the 
lower chords of the Mississippi River Bridge as it is for the 160 ft. span 
above, being about .029, it seems reasonable to think that the reduction in 
axial stresses in the former would be less than 1%. The secondary stresses 
computed on the assumption of no corrective measures having been taken are 
quite small in the trusses of the Mississippi River Bridge, except at the 
lower joint L-14 at the main piers. However, it should be recalled that the 
shop assembly reaming and the erection operations were designed to elimin- 
ate the secondary stresses in the chord members and the stress measure- 
ments here reported show that this was largely accomplished at the points 
adjacent to L-14 points. In view of all the above considerations it would seem 
that the estimated 5% reduction in axial stresses due to secondaries is much 
too high. 


1. Prof. of Structural Eng. and Head of Dept. of Civ. Eng., Purdue Unive., 
Lafayette, Ind. 

2. Associate Prof. of Civ. Eng., Northwestern Technological Inst., Evanston, 
Il. 

3. Prof. and Head of Dept. of Civ. Eng., Univ. of Florida, Gainesville, Fla. 

4. Instructor, Purdue Univ., Lafayette, Ind. 

5. Materials Fatigue Test Engr., Hughes Tool Co., Culver City, Calif. 

6. Associate Prof. of Civ. Eng., Northwestern Technological Inst., Evanston, 
Ill. 

7. Modern Framed Structures, Tenth Edition, John Wiley & Sons, Paragraph 
327, Pages 460-463. 
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With regard to the question of possible flow or creep of the steel at atmos- 
pheric temperatures the authors have reviewed the literature on various 
phenomena which might affect the time-strain relationship. The results of 
the work of many laboratories as compiled by the Creep Data Section of the 
Joint Research Committee of the American Society of Mechanical Engineers 
and American Society of Testing Materials on the Effect of Temperature on 
the Properties of Metals was published by them in 1938: "Compilation of 
Available High Temperature Creep Characteristics of Metals and Alloys." 

On page 15, Fig. 13A, for steels 3a and 3b, a creep of .01% is measured at a 
stress varying from 12,000 to 13,000 psi after the load has been applied 1000 
hours at a temperature of 800° F. This is for a steel similar in composition 
to that used in the Mississippi River Bridge. No evidence has been found by 
the authors of any significant creep or flow of this grade of steel at atmos- 
pheric temperatures at stresses well below the elastic limit. 

This question was also referred to Bethlehem Steel Company which fur- 
nished the steel for this bridge. The report from this company is that typical 
chemical composition and mechanical properties for silicon (ASTM A94) steel 
produced by this company are as follows: 


Chemical Composition Mechanical Properties 


Carbon Yield Point 50,000 psi 
Manganese 

Silicon Tensile 86,000 psi 
Phosphorus 

Sulfur P Elongation in 8" 23% 


The Bethlehem report continued: 


"The question of ''creep" has also been referred to our Metallurgical 
Engineer, who replied as follows: 

'The term "creep" is associated with a permanent form of physical 

change in steel and in my opinion would be so small at room temper- 

ature or ambient temperatures as to be immeasurable. We would 
know of no way to measure "creep" at room temperature, or 

actually what the term implies.' 

"This indicates that we have no information on creep in silicon steel. 
The stress-strain curve for silicon steel is similar to that for carbon 
steel, and has a straight line variation below the yield point. There is no 
reason so far as any of us can see, to believe that silicon steel will show 
a definite measurable strain under constant load for a long time. Once it 
has its elastic deformation under this load, it should continue to hold the 
load without strain. If there are local stresses, or locked up stresses, 
higher than the yield point, then the metal will have a local permanent 
set, and the high local stresses will be relieved. This is true for carbon 
steel or silicon steel. In other words, we know of no creep effect for 
Silicon steel peculiar to that grade of steel." 


The authors are familiar with the stress investigations on large steel 
buildings reported by Professors Fuller and Morris to which Professor 
Fuller refers, and they regard these studies as valuable additions to struc- 
tural engineering science. There are certain differences, however, between 
the results obtained in these building investigations and those obtained by the 
authors in the bridge investigation. First, the discrepancy between computed 
and measured dead load stresses is over twice as great in the case of 
Professor Fuller's report, averaging about 2200 psi instead of about 1000 psi. 
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Second, in the case of the measurements on buildings reported by Messrs. 
Fuller and Morris, the measured values were found to be larger than the 
computed values by some 20% to 35% while the measured dead load stresses 
in the bridge reported by the authors were lower than the computed dead load 
stresses by about 10% average. It is obvious that a theory of creep or flow 
of steel under stress would have to work in reverse to explain the difference 
between measured and calculated stresses in the case of the Mississippi 
River Bridge; i.e. the steel would have to lengthen as a function of time while 
under compression. 

The authors are grateful to Professor Fuller for his interest in studying 
and discussing the expeilimental results obtained in this study. 
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Discussion of 
"JOINT TRANSLATION BY CANTILEVER MOMENT DISTRIBUTION " 


by L.E. Grinter and C.H. Tsao 
(Proc. Sep. 298) 


T. C. Kavanaau,’ M. ASCE.—The method of moment distribution de- 
scribed by the authors was developed in 1944 by Joseph G. Perri. The method 
evolved as a result of an investigation of buckling problems for the Column 
Research Council of the Engineering Foundation. 

The major part of Mr. Perri’s research was concerned with all the aspects 
of wind problems. Also included in this investigation was the study of the 
“uniqueness principle” (stated by the authors in the Appendix) and of certain 
approximation methods. Additional research by the writer, under the spon- 
sorship of the Column Research Council and the direction of the Council’s 
Committee ‘“‘D” (of which Mr. Grinter was a member), extended the method 
developed by Mr. Perri to (1) an embodiment of generalized translational and 
rotational stiffness factors and carry-over factors for both symmetrical and un- 
symmetrical frames and (2) a detailed application of the procedure to the 
buckling of columns in frameworks. This work® was the first research project 
completed by the Column Research Council and formed the starting point for an 
investigation currently (1953) being performed by the Council at the Pennsyl- 
vania State University at State College. This research project is concerned with 
the buckling of pony-truss chords or continuous columns on elastic supports. 

The generalized moment-distribution procedure has been taught by the 
writer for a number of years in engineering schools in the eastern United States. 
The method has been introduced into a number of design offices with which 
Mr. Perri and the writer have been associated, and it has been used in many 
structural designs. The Perri method (the generalized moment-distribution 
procedure, or modified moment-distribution procedure using cantilever stiff- 
nesses and carry-over factors, as the method has been variously named) has 
been particularly useful in design practice because of the frequent occurrence 
of symmetrical bents, in which case the procedure is quite simple. 

This method has been expanded to include the effects of axial load and 
has also been adapted to the design of haunched members and frames with 
elastic joints (semirigid framing). A brief history of the development of the 
procedure is available.’ The simplification resulting from symmetry was 
known to British engineers in 1950 and has been extended to include Vierendeel 
and similar trusses.° 

The generalized moment-distribution procedure represents one of the most 
important single contributions to the development of the moment-distribution 
process that has been made since the original paper’ of Mr. Cross. This 
method affords an opportunity for further developments by simplification 
and approximation. 

7 Prof. of Structural Eng. and Chairman of the Dept. of Civ. Eng., New York Univ., New York, N. Y.; 
partner, Praeger-Kavanagh, Engrs., New York, ; 

%“*Modified Method of Moment Distribution for Againing Compression Members as Parts of Rigid 


Frames.”’ by Joseph G. Perri, thesis presented to New York University, New York, N. Y., in June, 1948, 
in partial fulfilment of the requirement for the degree of Doctor of Science. 

os “Sidesway in Symmetrical Building Frames,” by N. Naylor, The Structural Engineer, April, 1950, 
p. 99. 
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Rapa W. Strewart,!® M. ASCE.—The indirect solution shown by the 
authors in Fig. 4—in which is introduced the fictitious condition of cantilever 
flexure shown in Fig. 1—appears to be a roundabout procedure. A more 
direct approach would be to sketch the traverse of the final flexure as shown in 
Fig. 10. From Fig. 10, it can be seen that 3/7 of the sum of the column 
moments goes to the top of the columns and 4/7 of the sum goes to the bottoms, 
agreeing with the authors’ result. In this solution the relative stiffnesses of 
the members are reduced to their lowest terms (unity). This is done rather 
than using a larger number which operates more conveniently with the special 
constants necessary for the cantilever-moment-distribution method. 


Fic. 10.—TRAvERSE ANALYSIS Fic. 11.—Traverse ANALysis oF A ConTINUOUs GIRDER 
or a Simpte Bent with One Enp on An Exastic Support 


The authors’ moment-distribution equation (Eq. 8a) is derived from four 
standard slope-deflection equations. The same result can be obtained by a 
consideration of the basic properties of the flexed structure, and by the evalua- 
tion of the structure’s flexure. 

Fig. 11 shows the traverse of the elastic curves of this beam with the angles 
evaluated by a simple method. From the traverse principle (an end moment 
is equal to its appertenant flexure angle multiplied by the stiffness of the 
member) there results 


and 


Substituting Eq. 16 into Eq. 13 yields 


Moa =4E Koa 


Dividing Eq. 17 by c 61 (the value of Mog) results in Eq. 7a. 
© Structural Engr., Los Angeles, Calif. 


| 
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Mon = (2 B 
However, it is also true that j 
From Eqs. 14 and 15, 
cél 6 
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The traverse method can also be applied to the other problems presented by 
the authors. For the Vierendeel truss, however, the traverse method will 
probably show no advantage over the cantilever-moment-distribution method. 


W. Mercuant," A. M. ASCE.—To the list of those papers which have 
investigated the subject of translation as a part of the process of moment 
distribution should be added a contribution by A. Bolton.” Mr. Bolton 
considered the effect of a joint rotation or the sway of a story to be a pattern 
of the moments and forces. A successive use of these elementary patterns to 
reduce the magnitude of restraints corresponds to the yse of the ordinary 
process of moment distribution. ' 

In the method of relaxation, R. V. Southwell,* to overcome slow con- 
vergence, introduced the concept of “block or group displacements’? whereby 
composite operations involving several joints or stories are formed and used 
to relax the constraints, instead of the single steps of joint rotation and sway 
of the story. 

In a similar manner, different moment patterns can be combined and used 
in the moment-distribution process. For example, if it is known (from the 
principle of symmetry) that two joints rotate an equal amount, a pattern can 
then be formed which satisfies this condition. Thus, moment patterns can be 
made to satisfy any known facts concerning the structure or the load. 

The authors’ method of cantilever moment distribution is an example of 
such a composite moment pattern. This method involves the equal rotation 
of the two ends of a member, combined with sufficient sway of the stories above 
and below the beam, so that the shear in these stories is unchanged. The 
identical device was used by Mr. Bolton!* who termed it a ‘‘no shear operation.” 

It is of interest to note that moment patterns can be used in three ways to 
solve a problem: (1) In simple problems they can be synthesized almost by 
inspection. (2) In more difficult problems—such as a symmetrical, single-bay, 
multi-story frame—a successive correction can be made in exactly the same 
manner in which the method of moment distribution can be applied. (3) For 
multi-story, multi-bay frames; multi-bay, ridged, shed frames;' and similar 
structures successive approximation such as that involved in the relaxation 
method can be used. 


Jack R. Bensamin,!® A.M. ASCE.—Is cantilever moment distribution a 
general approach which is worthy of both study and application in the practice 
of structural engineering? All too many special procedures that give remark- 
ably good solutions when applied to special academic problems have been 
evolved. Almost all of these are not satisfactory when applied to the routine 
problems of structural engineering. 


11 Reader in Applied Mechanics, College of Technology, Manchester, England. 


12 ‘A New Approach to the Elastic Analysis of Rigid Frames,” by A. Bolton, The Structural Engineer, 
January, 1952, pp. 1-13. 


13 ‘Relaxation Methods in Engineering Science,” by R. V. Southwell, Oxford University Press, Oxford, 
England, 1940. 


“The Analysis of Multi Bay Gabled Rigid Frames,” by A. Bolton, The Structural Engineer, April, 
1943, pp. 110-117. 


16 Associate Prof. of Structural Eng., Stanford Univ., Stanford, Calif. 
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The method of cantilever moment distribution appears to be practical for 
only very special problems. The basic weakness in this method is that transfer 
of shear from one column to another is impossible. Thus, the shear distribution 
must be found by some other procedure before the method can be applied. 
The only case in which this shear distribution can be made involves two legs 
and perfect symmetry such as those in the illustrative examples. Three or 
more legs or a lack of symmetry invalidate the approach. 

The authors mention approximate procedures that are available to extend 
the method to more general problems. The use of a solution in which complete 
joint restraint is not removed is highly undesirable. The errors involved can 
be large, and the most obvious requirement—static equilibrium—is not 
satisfied. The method of cantilever moment distribution has been applied to 
several simple three-column and four-column bents, and the results were 
unacceptable. The use of substitute structures is undesirable because special 
techniques are required that not only obscure the process but also require an 
amount of study and mastery inconsistent with the usefulness of the procedure. 

Messrs. Grinter and Tsao are to be complimented on the manner of present- 
ing this method; too many technical papers are intelligible only to the writers. 


Josepu G. Perri.'*—The method of cantilever moment distribution which 
has been presented by the authors is not original nor complete; it is merely one of 
the many possible solutions of the more general procedure developed by the 
writer in 1944.°-§ 

The writer has proved® that it is possible to select any values for the 
stiffness and carry-over factors of the columns and the beams provided that the 
initial moments are properly chosen. The writer has also proved that transla- 
tional carry-over factors are not necessary whenever cantilever stiffnesses are 
used and proper initial moments are applied. The many examples offered 
by the writer,* and the practical application made in many engineering 
offices, cover the special case in which the column stiffness is equal to EI/L 
and its carry-over factor is —1. Both symmetrical and unsymmetrical 
configurations have been investigated. 


Ricuarp H. Haptey,’’? J. M. ASCE.—In 1949 the writer presented a 
method!* of determining sidesway stresses in rectangular rigid frames which is 
almost identical with that developed by the authors. Although the writer’s 
approach to the problem was somewhat different from that of Messrs. Grinter 
and Tsao (the former being based on component moments, as suggested by 
Homer M. Hadley, M. ASCE), the final results appear to be similar, if 
not identical. This method has been taught at the University of Washington 
by A. L. Miller, M. ASCE, since 1949 and has been used subsequently by 
engineers in the northwestern part of the United States. 


16 Consultant, Structural Design Section, Eng. Div., Vitro Corp. of America, New York, N. Y. 
1” Partner, Hadley and Hadley, Cons. Engrs., Seattle, Wash. 


18 “Sidesway Analysis of Rectangular Rigid Frames by Component Moment Methods,” by Richard 
H. Hadley, thesis presented to the University of Washington, Seattle, Wash., in 1949, in partial fulfilment 
of the requirement for the degree of Master of Science in Civil Engineering. 
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The writer’s method is based on the fundamental concept that momei.is 
actually existing at the ends of a member can be considered to be the algebraic 
sum of two components—a shearing moment and a rotational moment. Shear- 
ing moments are of equal magnitude and act in the same direction; the rota- 
tional moments are of equal magnitude and act in opposite directions. Designat- 
ing the end moments as M, and M:;, and having a proper regard for signs, 


_Mi+M: 


S 


is which S is the shearing moment and R is the rotational moment. 

A significant property of the shearing moments is that they transmit all the 
shear in a member while not producing any relative end rotation. The 
rotational moments transmit no shear and produce the entire change in the 
relative end rotation. For the solution of the equivalent bents mentioned by 
the authors, this concept of rotational and shearing moments develops into a 
method for the quick evaluation of those types of structures in which column 
stiffnesses are large in comparison to beam stiffnesses. In such a case, con- 
vergence is slow if one applies the method of cantilever moment distribution. 

Methods presented by the writer have been used to analyze several irregular 
multi-story, multi-bay bents. Agreement with the results obtained by use of 
the slope-deflection theory was most satisfactory. Not only are the methods 
easy to apply, but any desired degree of accuracy can be readily obtained. In 
the case of irregular frames, shearing moments are altered by the necessary 
moment distribution to balance the joints. Precision can be easily re-estab- 
lished by reintroducing corrective shearing moments after each cycle of : »ment 
distribution. Because these methods permit both accr~acy and ease of 
analysis, it is believed that they will become the standard method of approach 
for analyzing rectangular rigid frames subjected to loadings that cause sidesway. 


Mine—Lune Pet," J. M. ASCE.—A concise and direct method for solving 
rigid frames with sidesway has been presented by the authors. It should be 
noted, however, that the cantilever-moment-distribution method is valid only 
for symmetrical structures subjected to antisymmetrical loads. The method 
assumes that the ratios of the lateral displacements to the joint rotations for 
all columns in one story are the same. This is true only for symmetrical 
structures subjected to antisymmetrical loads. 

When a symmetrical structure is subjected to unsymmetrical loadings, it is 
always possible to resolve the loadings into a symmetrical part and an anti- 
symmetrical part. The symmetrical loading can be investigated by the regular 
moment-distribution method. The results of the antisymmetrical loading 
can be solved by the authors’ cantilever-moment-distribution method. In 
Fig. 12(a) there is shown a simple symmetrical bent subjected to P, an un- 


19 Lecturer, The City College of New York, New York, N. Y. 
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symmetrical load. This load causes fixed-end beam moments of +56 and — 28. 
In Fig. 12(b) the same bent is shown supporting two symmetrically placed 
loads P/2. These loads produce fixed-end beam moments of +42 and — 42. 


+16 


7 


(a) LOAD AND (b) SYMMETRICAL (c) ANTI-SYMMETRICAL (d) LOAD AND 
FIXED-END LOADS AND LOADS AND MOMENTS OBTAINED 
BEAM MOMENTS MOMENT DISTRIBUTION CANTILEVER MOMENT BY SUPERPOSITION 
DISTRIBUTION 


Fria. 12.—-APPLICATION OF THE PRINCIPLE OF SUPERPOSITION TO A StmPLE BENT 


By the moment-distribution method’ the end moments in the bent are deter- 
mined. There is shown in Fig. 12(c) the same symmetrical bent subjected to 
two antisymmetrical loads, P/2, which cause fixed-end beam moments of 
+14 and +14. By the cantilever-moment-distribution process the end mo- 
ments are computed. Fig. 12(d) shows the symmetrical simple bent supporting 
the load P and the end moments which are determined by applying the principle 
of superposition to the results of Figs. 12(b) and 12(c). 


L. E. Grinter,” M. ASCE, anv C. H. Tsao.*'"—When any extraordinarily 
simple concept, such as cantilever moment distribution is published, it usually 
appears that the same or nearly the same concept has been developed in the 
minds of other investigators. Historical examples are too well known to 
enumerate. Because several of the discussers have been interested in es- 
tablishing the priority of their work, it appears desirable to give the chrono- 
logical development of the cantilever (or no-shear) distribution method as far 
as the evidence has been established. 

The first recorded attempt to publish the cantilever distribution concept 
was made by the junior writer who presented a paper to the ASCE in January, 
1948. This paper (entitled ‘Rigid Frame Analysis Through Iteration of 
Least Work Equations”) contained the suggested use of a carry-over factor 
of —1 which is the basis of cantilever moment distribution. The paper was 
probably rejected for publication on the basis that the approach was overly 
mathematical. When the junior writer was enrolled as a graduate student at 
Illinois Institute of Technology (at Chicago) in 1948 and later presented this 
concept to the senior writer, the latter turned over to him some personal notes 
that also contained the cantilever distribution derived purely from physical 
considerations. The important concepts of the present paper, therefore, 


20 Dean, Graduate School, and Director of Research, Univ. of Florida, Gainesville, Fla. 
21 Visiting Asst. Prof. of Civ. Eng., Univ. of Southern California, Los Angeles, Calif. 


563-10 


P P P 
P ¢€ P 
+42 -42 +14 +14 ; 
+14 -12 
+56 -28 +28 -28 + 2 +2 +30 -26 
-28 Ke4 +28 -2 K=4 -2 -30 +26 7 
Kv=2 Ku=6 
4 
K=4 K=4 Ku4 
Kv=4 Kv=4 Kv=1 
-14 +14 +2  -12 
i 


might have been published in 1948, except for the fact that the writers were 
interested in studying unsymmetrical structures which formed the basis for 
their joint studies during the following years. Publication was delayed in the 
hope that a more general method of equal utility would be developed. When 
it had been established rigorously that no equally simple and direct solution 
of the unsymmetrical case could be achieved, the present paper was offered 
for publication. 

The second established date in relation to the concept of no-shear distribu- 
tion was the presentation of a thesis* by Mr. Perri (1948) prepared under the 
direction of Harold E. Wessman, M. ASCE. A year later (1949) Mr. Hadley 
presented a thesis'* which, in his opinion, contains material similar to the 
cantilever distribution concept. Next in sequence (1950), Mr. Kavanagh 
used the method developed by Mr. Perri in a report® of limited distribution. 


e 


P 
Fie. 13.—Tue VIERENDEEL Truss 


Still in chronological order, the next established date was the presentation 
(1952) of a thesis” by the junior writer. Prepared under the guidance of the 
senior writer, this thesis contains the principle that: “Any two arbitrary, linear, 
independent, homogeneous boundary conditions for each member will define 
a method of moment distribution and vice versa.’’ Applied to the analysis 
of the inclined-chord Vierendeel truss whose upper chord and lower chord 
have the same stiffness (Fig. 13), it was shown that joint translation will be 
automatically provided for if the following modified stiffness factors and carry- 
over factors are used: 


Distribution ratio— 
2 + asc + 1) 


Kep 
2 @ep + + 1)’ 


Mces = Mee = Mcp = 


. (19) 


22*The Analysis of the Vierendeel Truss and of the Wind Stresses in Tall Buildings,’ by C. H. Tsao, 
thesis presented to Illinois Inst. of Technology, at Chicago, IIl., in January, 1952, in partial fulfilment of the 
requirements for the degree of Doctor of Philosophy. 
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Carry-over factor to the left— 
Msc Mcp 


Carry-over fact to the right— 


Mpc Mep 


Carry-over factor for the web— 


M.c Me. = 
in which 
Bb 
(23) 


Ce 
Simple formulas are included” for the computation of fixed-end moments. 
These moments are balanced by the use of Eqs. 19 to 24 to obtain the final 
answer. It was also noted that, for the special case in which the value of a 
is unity, the inclined chords become parallel, and this method becomes the 
method of cantilever moment distribution. 

The no-shear concept appears to have been first published” in England. 
This was followed by a paper* by R. H. Wood and E. Goodwin. It is perhaps 
superfluous to note that none of these publications or theses, except the thesis 
of the junior writer, was known to the writers until after the present paper 
had been accepted for publication by the ASCE. 

In addition to the historical information, the writers appreciate the discus- 
sions by Messrs. Stewart, Merchant, Benjamin, and Pei; each of these discus- 
sions has added to the value of the paper. It is evident from these discussions 
that cantilever moment distribution is likely to be widely used as a supplement 
to ordinary 1aoment distribution where a change in shear is to’ be avoided. 
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Discussion of 
"DESIGN OF FRAMES BY RELAXATION OF YIELD-HINGES " 


by J. Morley English 
(Proc. Sep. 322) 


Noe: W. Murray.*—A method for determining the load factor of frame- 
works containing plastic hinges has been developed by the author. The method 
is simple in its application, and the physical steps involved are readily visualized. 

There is, however, one way in which the arithmetical work can be simplified. 
The simplification can be attained by applying simple formulas to determine 
the carry-over moments which maintain equilibrium when the moment on 
one end is relaxed. Thus, if in Fig. 9(a) ABis a beam in a structure loaded by 


Fie. 9.—Beam Sussectep To a CoNCENTRATED Loap aT Its CENTER 


a concentrated load P at C (the center), the beam has moments M4, and Mg 
acting on its ends. These moments maintain equilibrium with the load P and 
the reactions R4 and Rg. Similarly, there is a moment Meg acting at C, as 
shown in Fig. 9(b). If the moment Msg is increased by AMg,, then M4 and 
Mc will have to be altered to maintain equilibrium of the beam. The in- 
creases AM, and AM¢ in Mx and M¢ are found from the equations of equilib- 
rium: 


Ma + Ma Rel =0 


and 
Mc + Mp — 8! = 
Eliminating Rg from Eqs. 6 results in 


On taking differentials, Eq. 7 leads to 
2AMc + — = 


Thus it can be seen that the moments can be varied at will without having 
to check the beam for equilibrium after each relaxation. For example, if 
joint A is held rigid and joint B is relaxed by 20 units of moment, AM, = 0 
and AMz = — 20, whence AMc = + 10. This computation indicates that, 
in order to maintain equilibrium, the moment at C will have to be increased 
by 10. 


5 Asst. Lecturer, Eng. Dept., Univ. of Manchester, Manchester, England. 
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Eq. 8 is also applicable to a uniformly distributed load because member 
stiffness is not included. If P is placed at a distance k/ from A instead of 
being at the center, the equation corresponding to Eq. 8 is 


AMc (1— k) AM, =0 


Herman Tacuau,® A. M. ASCE.—The application of relaxation techniques 
to limit design is an important addition to structural analysis. Heretofore, 
using principles evolved? by Messrs. Greenberg and Prager, the location of 
yield-hinges had to be guessed. The method offered by Mr. English practically 
obviates all guesswork ; the necessity for good judgment in selecting the loca- 
tions of yield-hinges (or the initial distribution of moments) is reduced to a 
minimum. In addition, a useful procedure for tracing the order of the develop- 
ment of yield-hinges has been presented. 

For continuous beams and simple rectangular frames, the mode of collapse 
and the correct locations of yield-hinges are predicted easily. The author’s 
method of analysis will therefore be more useful when applied to complicated 
frameworks. The ultimate purpose of structural analysis is to benefit the 
designer. With this in mind, it has been pointed out’ that (in practice) 
complicated frames are most likely to be subject to several different simultaneous 
loadings, the magnitudes of which vary independently of each other. For 
example, P and H in Fig. 4(a) may be increasing toward collapse at different 
rates. Cases of this sort can be investigated by plotting limiting values of 
P versus H to establish the “safe domain.” *»* The concept of the safe domain 
is similar to the graphical representation commonly used to define the various 
criteria of failure for stresses at a point in a body subjected to biaxial or tri- 
axial loading. 

Yield-hinges can occur between joints as well as at the joints. Therefore, 
in contrast to the moment-distribution method, it is important to record 
moment values at pertinent intermediate points. Such points would occur 
under concentrated loads and at other points where bending moments are high. 
In Example 2 (Fig. 5) only the first and final values of the positive moment at 
point J are shown. It would be preferable to record a value for each stage of 
the computations. Similarly, in Fig. 8(e), the positive moments under the 
load P should be written as: 15.8, 16.0, 19.2, 19.6, and 21.8. (The example 
illustrated by Fig. 8 would have been more realistic if M’ had been varied in 
accord with the K-values.) 

There exists a remote possibility—theoretically, at least—that the assumed 
initial distribution of moments may be so far from reality that the process 
might not converge. It may be of interest to investigate this possibility. 
Such an investigation has been performed for the method of moment distri- 
bution as applied to continuous beams.” 


6 Bridge Designer, New Mexico State Highway Dept., Santa Fe, N. M. 
7™“Limit Design of Beams and Frames,” by H. J. Greenberg and W. Prager, Transactions, ASCE, 
Vol. 117, 1952, pp. 463-464. 


8 Tbid., p. 482. Fig. 26. 
®*“*Limit Analysis and Design,"’ by W. Prager, Journal, A. C. I., Vol. 25, 1953, p. 300. 


” “Convergence of Hardy Cross’s Balancing Process,’ by Rufus Oldenburger, Transactions, ASME, 
Vol. 62, 1940, p. A-166. 
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The discussion of the paper by Messrs. Greenberg and Prager revealed 
many limitations and practical difficulties still to be overcome; most of that 
discussion applies here as well. Undoubtedly Mr. English has helped to pave 
the way toward a wider acceptance of limit design. His method will appeal 
to structural engineers because—as in the moment distribution—every step 
in the computations represents a physical action which can be readily visualized. 
This paper deserves careful study by all engineers interested in limit design. 


J. Mortey Eneuisn," A. M. ASCE.—An important simplification for 
checking the stability of each individual member of the frame has been recog- 
nized by Mr. Murray. The technique suggested is implicit in the method 
developed by the writer. A unique relationship exists between any change 
to the end moments and the moments throughout the member. This relation- 
ship can be explicitly determined in the form of Eq. 9. The use of such a 
relationship should facilitate the computational procedure, and Mr. Murray 
has made a valuable contribution in directing attention to this point. 

Mr. Tachau has cited a practical limitation inherent in all ultimate-load 
methods of analysis for which the loads are assumed to increase proportionally 
to failure. All real structures are subjected to a com- 
bination of loads which can be applied in various 
orders. As a consequence, the most useful design 
approach will be to establish an envelope curve or 
domain of ultimate-loading combinations. Then, pro- 
vided the actual loads (with a suitable safety factor) 
are within this domain, the structure may be pre- 
sumed to be safe. 

For example, one might consider the domain for 
P and H in Example 1 (under the heading, ‘“‘Condi- 
tions of Collapse’’) the solution of which is illustrated 
in Fig. 4. If no load P were applied, the limit mo- 
Fic. 10.—Envenore Curve ments would develop at points A, B, C, and ‘D in 
ror Horizonat AND VER- Fig. 4, and the value of Ay would be equal to 5.0. If 

a H is held constant at this ultimate-load value, a load 
P can still be applied until a further hinge develops under the point of load 
application. The value for Ap is determined from the simple static solution 
of the beam BC because the moments at the ends cannot be changed with- 
out altering H. Thus, Ap is equal to 4 (Fig. 10). It is evident that a further 
increase in P can only be accomplished by decreasing the value of H. This 
increase can proceed until local collapse of the beam is imminent. Thus, 
continuing this approach, the envelope curve can be confpleted. The solution 
of Example 1 was for a unique loading condition that determined one point 
on the envelope curve, point c in Fig. 10, where A is the same for both the 
horizontal and vertical loads. It should be realized that the scope of the 
original investigation did not include the reverse-loading problem. 


11 Associate Prof. of Eng., Univ. of California, Los Angeles, Calif. 
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Discussion of 
"FIELD DATA FOR THE STRUCTURAL DESIGN OF COAL BUNKERS" 


by Herman Tachau, A.M. ASCE and Ibrahim M. Mostafa, J.M. ASCE 
(Proc. Sep. 430) 


PAUL ROGERS,! M. ASCE.—The field tests described in this paper are of 
considerable importance. Properly conducted field tests prove (or disprove) 
the basic assumptions of analysis and furnish an insight into the elastic 
behavior of the structure. 

The writer has had the opportunity, for many years, to design some of the 
largest coal bunkers ever built. Important and complex as such coal bunkers 
may be, he found that many of them have been designed on erroneous prem- 
ises, based on elementary statistics, the principles of which could not be 
simply applied to such structures. 

The writer's findings and accumulated experience culminated in his paper, 
"Design of Large Coal Bunkers," Trans. ASCE, v. 117, p. 579, (1952) and are 
referred to by the authors. 

The following important differences from ordinary structures may be 
listed as follows: 


The coal pressure in most bunkers is according to the deep bin theory. 

The vertical stiffeners are not simply supported beams, but are continuous. 

The vertical stiffeners are TEE beams, where the bunker-plate furnishes 
the flange; for further refinement, the influence of the gunite lining 
could also be incorporated in the analysis. 

The stresses in the stiffeners are produced by flexure caused by the coal 
pressure and tension caused by gravity forces. 

An inward pull at the bend-line is of appreciable magnitude for most 
bunkers. 


The authors tested their bunkers and compared their results with analyses 
of three different kinds, the last of which, Method ''C", based on the above 
basic principles, gave surprisingly close results. Methods "A" and "B", 
which were based on wrong assumptions, gave either over-conservative, or 
un-safe results. 

The extreme closeness of the measured and computed stresses (Method 
"C") may be coincidental, but nevertheless astonishing. It is even more im- 
portant to learn just how wrong the other methods were, although generally 
accepted for design until recently. 

The writer believes, however, that the large number of closely spaced 
stiffeners is unnecessary. In fact, considerable economy can be attained by 
omitting two out of every three stiffeners. Such stiffeners can easily be 
spaced as far as eight feet apart. There is little need in placing a supporting 
beam below the partition because such a wall has a very large moment of 
inertia and can resist deflection adequately. 

The accompanying sketch (Fig. 1) shows the layout of a large bunker. 
This structure, which contains nearly three thousand tons of coal, required 
not more than 250 tons of steel for the bunker, indicating an unusually eco- 
nomical design. It is interesting to note that the marked assymetry of the 
bunker induces heavy flexural stresses in the supporting building columns. 

The authors should be commended for their interesting experiment and 
their able presentation of their results. 


1. Partner, ROGERS & SNITOFF, INC., Cons. Engrs., Chicago, Ill. 
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Discussion of 
"LABORATORY TESTS OF HIGH TENSILE BOLTED 
STRUCTURAL JOINTS" 


by W. H. Munse, D. T. Wright, and N. M. Newmark 
(Proc. Sep. 441) 


A. J. FRANCIS.'—In referring to earlier research on the subject of bolted 
joints it is a little surprising that the authors of this interesting paper did not 
mention the very extensive work on mild steel and high tensile steel bolts and 
bolted joints described in the Second and Final Report of the Steel Structures 
Research Committee.?;* This work demonstrated for the first time the feasi- 
bility of using high tensile bolts, tightened to controlled torques, in steel 
frame construction. 

The writer would be inclined to be a little cautious of forming general 
conclusions on the basis of what is after all a somewhat restricted series of 
tests. A very large joint with many bolts may behave very differently from 
a one- or two-bolt joint, under either static or fatigue loading. The static 
strength of large joints failing in the rivets or bolts can be considerably 
lower than the aggregate strength of the individual fasteners, as was first 
demonstrated by tests carried out for the Oakland Bay Bridge.* It has since 
been shown, in work inaluminium alloy riveted joints,® that the reduction in 
strength depends mainly on the relative ductilities of the material of the 
fasteners and of the plates or members connected together, and on the length 
of the joint and the number of transverse rows of fasteners. The longer a 
joint and the less ductile the fasteners, the greater will be the loss ina 
shearing strength. Consider the problem of connecting a member of given 
material and dimensions to another part of a structure. If high-tensile bolt- 
ing is used, the joint will be shorter and have fewer fasteners than if mild 
steel riveting were employed. On the other hand the bolts deform less before 
failure than would rivets; that is, they are less ductile. The two factors of 
length and ductility have opposite effects on joint strength and it is not clear 
without a detailed investigation whether rivets or bolts are more efficient in 
a particular case. Such an investigation can be made if load/deformation 
curves for fastener deformation and for sections of connected members be- 
tween successive rows of fasteners are available. If, as appears likely, high 


1. Prof. of Civ. Eng., The University of Melbourne, Australia. 

2. Batho, C. and Bateman, E. H. "Investigations on bolts and bolted joints, 
with brief suggestions for the use of black bolts under controlled torque in 
steel frame construction."" Second Report, S.S.R.C., p. 138; H. M. 
Stationery Office, London, (1934). 

3. Batho, C. and Bateman, E. H. "Further investigations on bolts and bolted 
joints." Third Report, S.S.R.C., p. 394 (1936). 

4. Davis, R. E., Woodruff, G. B. and Davis, H. E. "Tension tests of large 
riveted joints." Trans. A.S.C.E. v. 105, p. 1193 (1940). 

5. Francis, A. J. "The behaviour of aluminium alloy riveted joints." Re- 
search Report No. 15, The Aluminium Development Association, London, 
(1953) 
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tensile bolting is to be used in the large joints of truss bridges, an extension 
in this direction of the work described in the paper would seem to be not only 
desirable but imperative. 

The writer does not quite understand the attitude of the authors to the 
shear-tension ratio (the ratio of bolt shearing stress to plate tensile stress 
(conclusion 3, static tests) ). Surely in a balanced design this would naturally 
vary depending on the relative strengths of the bolt and plate materials, so 
long as the usual assumptions of conventional design hold good. 

Conclusion 3 (fatigue tests) is hardly justifiable on the basis of three 
riveted specimens. It would seem safer to say merely that the results sug- 
gest that bolted joints of the type tested have a greater fatigue strength than 
that of similar riveted joints. Even then there is some doubt because the 
riveted and bolted joints were of the same dimensions and therefore were not 
designed equally efficiently in tension, shear and bearing. 
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Discussion of 
"NON-UNIFORM TORSION OF PLATE GIRDERS" 


by Gerald G. Kubo, B. G. Johnston, and W. J. Eney 
(Proc. Sep. 449) 


De FOREST A. MATTESON, JR.', J.M. ASCE.—Vertical web stiffeners on 
a thin-webbed plate girder subject to non-uniform torsion would probably 
cause the girder to conform more closely to Mr. Timoshenko's analysis than 
does an unstiffened girder. Torsional bending stresses in the flanges may be 
great relative to the primary flexural stresses, and Fig. 11 prompts the sug- 
gestion that the possible 20% + maximum stress reduction to be realized by 
making the girder conform to the Timoshenko analysis might justify the addi- 
tion of vertical web stiffeners for this purpose in actual practice. This aspect 
of the authors’ general problem suggests further study. The writer is under 
the impression that the specimens tested were unstiffened. 

Because torsional forces at midspan were applied by the authors not only 
to the web but also to the flanges, it would have been realistic to connect the 
flanges to the end-support plates in some semi-rigid manner. However, of 
considerable difficulty in an experimental study of this type is the problem of 
devising end connections to conform with the assumed boundary conditions of 
the theory. 

In the member of Fig. 5(A), the S-shape of the web cross section in the 
right-hand half of the beam would be the reverse of the S-shape of the web of 
the left-hand half. As explained under the heading "Analytical Study of 
Results; Comparison of Theories for Rolled Sections,"' and as illustrated by 
Fig. 9, continuity at midspan (plus the boundary conditions of the " finite- 
beam" analysis) causes o to equal zero at the midspan section of the beam 
of Fig. 5, at which section o = 0. 

By contrast, the four cases of non-uniform torsional loading listed under 
the heading "Summary of Torsion Theory; Classification of Torsion" are all 
of the type in which o@ does not equal zero at the section at which o (due to 
torsion) vanishes. According to the "long-beam" analysis of Messrs. 
Goodier and Barton, if the cantilevered beam is very long, @ remains slight 
but finite as o vanishes. If the cantilevered beam is short—that is, if the 
free end is close to the restrained section—it seems probable that a@ at the 
free end will be larger than at the free end of a long beam, by virtue of being 
closer to the boundary condition of restraint that indirectly causes web 
deformation. 

In the beam of Fig. 5, a@ is forced to vanish where the two opposite shapes 
of web deformation merge, but this situation is not true of the cantilevered 
beam. A distinct S-shape due to relative flange displacements might exist at 
the free end of the short cantilevered member. 

_ Two items of evidence are pertinent: (1) The tests of specimen T9-WF 
(Fig. 9) show clearly that whatever the cause may have been, o@ was distinctly 


1, Editor, Technical Publications, American Society of Civil Engineers, New 
York, N. Y. 
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non-zero at the free end; and (2) the distance from midspan to the end of each 
girder used by the authors was less than five times its depth, so that the 
girders could be termed "short" when considering torsion bending. There- 
fore, the writer suggests that by providing internal fixity in place of external 
fixity, the authors created specimens to which the finite-beam analysis is not 
truly applicable in that for computation "J", a@ is assumed to become zero at 
the right-hand end of the beam of Fig. 9. Because this condition probably 
could not be true of a short cantilevered beam subject to shaft torque, and 
because the experimental values plotted in Fig. 9 demonstrate that it was not 
true of the test specimens, the Goodier-Barton analysis seems to have been 
inadequate for computing wW-values for the specimens of this experiment. 
This analysis did, however, provide an accurate prediction of the 0 -values. 

Conclusion No. 5 is thus misleading and of questionable justification. Con- 
clusion No. 6 cannot be questioned, but a possible need for a theory of torsion 
bending in short beams is seen. 

The foregoing discussion indicates that the authors may be unjustified in 
suggesting that what is probably a natural divergence of the experimental 
values in Fig. 9 "*** reflects in part the unavoidable local effect of the 
flange lugs,"" under the heading " Analytical Study of Results: Comparison of 
Theories for Rolled Sections." This statement seems particularly unjusti- 
fied since it is apparently opposed to the authors’ later assertion, under 
"Analytical Study of Results: Modification of Theory for Plate Girders,"' that 
consideration of the actual end supports led them to assume that for plate 
girders, On and @, of their specimens converged to zero at the free end. 
This assumption credits the end supports with causing the values of wy to 
become constant, which means that the wy -values for the web and flange were 
assumed to have been prevented from diverging. The writer will explain his 
reasons for suggesting that the §-values in the experiment illustrated by 
Fig. 12 were decreased to a small non-zero value at the free end, as the re- 
sult of interference by the flange lugs. 

Under the heading "Experimental Program: Test Specimens," the authors 
have explained that "Except for some unavoidable contact friction at the flange 
lugs, the outer ends were free to warp." If the free end of a cantilevered 
beam subject to non-uniform torsional loading is entirely free to warp, the 
longitudinal stresses will vanish at the free end, at which idealized section 
the conditions will approximate those of Saint-Venant torsion. Where this 
type of torsion prevails, 9 is a non-zero constant value. This constant value 
will be the maximum 6 -value for the beam, somewhat as in Fig. 13(F). 

The two flange lugs were both at the particular edges of the flanges that 
would move toward the end-support plates as torsional warping occurred. 
The lugs, in resisting the movement of the extreme fibers toward the end 
plates, must have produced small longitudinal friction forces acting toward 
the fixed section. 

Contact friction at the flange lugs could be responsible for the decrease in 
8, and 6, depicted at the right end of the beam of Fig. 12, if the frictional 
forces produced exterior moments in the horizontal flange planes, of the same 
sense as that of the exterior reaction moments at the fixed (left) ends of the 
flanges. These moments would produce a decrease in dx/dz (Fig. 13(D)). If 
the opinion that the lugs resisted torsional warping is accepted, the longitu- 
dinal frictional forces at the flange lugs are each replaceable by a parallel 
force and the previously described moment (couple) of the proper sense for 
reducing § . This resistance to torsional warping may, for this type beam, 
be thought of validly as a torsion-bending moment. If the moment had 
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produced complete fixity against angle change, @ would have been reduced to 
zero, just as complete fixity at the left-hand end of the cantilevered beam of 
Fig. 12 caused @ to be zero at that end. Considerable, if incomplete elonga- 
tion of the extreme tension fiber doubtless occurred, and @ at the right-hand 
end was probably reduced to some finite value between zero and the maximum 
6 -value. 

Thus, because the measured values of @ as published by the authors 
showed a distinct decrease near the free end, the writer suggests that a nega- 
tive moment may have been introduced in the flanges at each support. Be- 
cause T/h is a specified value unaffected by the distribution of stresses, the 
introduction of additional restraining forces into the system must be accom- 
panied by a decrease in the overall w-value (the area under the §-curve). 
The measured @-values show that this decrease in area was an actuality, 
supporting the idea that unintentional restraining forces were present. The 
writer's suggestion of finite §-values at the "free" end implies a smaller 
area under the Vp -curve than that computed by the authors, and an accom- 
panying small decrease in My. 

It seems to the writer that the foregoing hypothesis concerning the effect 
of the flange lugs may be invalid for extremely large values of yw. 

Theoretically, the total area under each of the 6 -curves is equal to the 
corresponding value of ~ at the rotating end of the beam. Possibly the test 
apparatus included instruments for measuring wy close enough to the midspan 
yoke to yield an approximation of the maximum value of W for the span. By 
sketching to a large scale the §-curves in the last segment (station 8, Fig. 
12) in such a manner as to make the area under the entire §-curve equal the 
maximum y -value, the non-zero value of 6, suggested by the writer as 
existing at the extreme free end, might be determined approximately. Differ- 
ent 6-values at the free end might be tried until the proper area is obtained. 

The writer has opined that a small negative value of My existed at the 
free end, in which case moment computations should not begin from zero. A 
rough approximation to the moment at the free end may be obtained by as- 
suming the effect of the flange lugs to be negligible on that portion of the 
beam (Fig. 12) to the left of the minimum value of VF: The tangent to the Vp- 
curve may be drawn at its minimum ordinate, and the shear area to the right 
of this point and beneath the tangent may be assumed, as an approximation, 
to be entirely attributable to the negative moment. The area above the Vp- 
curve not attributable to the flange-lug interference will be similar in shape 
to that of length AB of Fig. 13(H) or to the T-curve of Fig. 3. Beginning at 
the right-hand end (Fig. 12) with a negative moment equal to the shear area 
attributable to this moment, the values of Mp may then be plotted by the 
authors’ original procedure, using the entire original ai va above the shear 
curve. The curve of Fig. 12 would begin below the zero-line at the right- 
hand end and would change sign in the vicinity of station 8. 

If a solid rectangular shaft is fixed at one end and free at the other, and 
resists an applied torque, torsional bending stresses will develop as a result 
of fixity. Hence, it seems possible for each flange of a girder to resist tor- 
Sion independently as a shaft, developing a secondary system of longitudinal 
stresses within the system of torsion-bending stresses studied by the authors. 
Apparently the authors considered such stresses either impossible or too 
small to distort the experimental values of Mp, even in short, heavy girders. 

The primary objectives of this experimental program were admirably 
attained. The writer's comments are concerned with details that had insig- 
nificant effects on the results of this particular study. He believes that such 
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detailed scrutiny, even though based on limited qualitative information and 
consisting of opinion rather than fact, can be valuable in clarifying certain 
concepts that may be of greater significance in future research. 
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Corrections to 
SAFETY AND THE PROBABILITY OF STRUCTURAL FAILURE 


by A. M. Freudenthal 
(Proc. Sep. 468) 


The following equations and text should be changed to read: 


Page 10, Eq. (1) delete dy 


2 
Page 10, Eq. (2) Ply) yv2rr exp [-# (log y)] 
Page 11, Eq. (4b) (2) = exp (z-e*) 


Page 11, Eq. (4c) 
/ 


pin= exp [- 


Page 11, Eq. (4d) 


/ 
Page 12, Eq. (6) pPim)= 


Page 23, last sentence: "Considering, for instance, that transatlantic flight 
insurance rates are roughly 0.02 percent for about 20 hours flight duration, 
of which about 1/3 to 1/2 may represent actual risk, and assuming a service 
life of 10,000 flying hours, the accident risk implied in these figures is 1/20 
or 20 times assumed life. This is much higher than the usually accepted 
design figure of two in 107 flying hours, or a "return period" of failure of 
500 times the expected service life of the aircraft; the accepted chance of an 
accident is, therefore, 1/500. 
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